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Chapter 1

Templates and Anchors

1.1 A mathematical framework for legged locomotion

In this section we present a theoretical mathematical framework for analysis and modeling of legged
locomotion. This framework is, for most applications, far too general. However, it will serve to provide a
precise mathematical foundation inside which other, more practical models and approaches appear as special
cases.

The study of legged locomotion is the study of how bodies move through space by deforming appendages
we refer to as “legs” and using them to produce reaction forces from the environment that propel the body.
Thus, the configuration of the system we seek to study comprises two parts — the location of the body in
space, and the “shape” of that body with respect to a frame of reference that travels with the body. In
mathematical terms, this means the overall configuration space Q is:

Q=SEQ)x B, BCR" (1.1)

where SE(3) is the “Standard Euclidean Group of Dimension 3”, also known as “the space of rigid motions”,
and B is taken to be some bounded, continuous, closed, piecewise smooth surface in the space R™. In this
chapter, we will typically use ¢ = (x, b) € Q to denote the instantaneous configuration.

In this book we are primarily concerned with legged locomotion that is generated by repeating patterns
of motion called “gaits”. When an animal or robot executes a gait, it traces out a cycle with b in the shape
space B, while at the same time translating and/or rotating the body frame x € SE(3) through the world. This
form of a mathematical structure, in which a space is given by the Cartesian product of a “base space” (in
our case, the shape space of the body) and a group', here SE(3), is called a (trivial) “principal fiber bundle’?,
or simply a “principal bundle”. Subsets of Q of the form SE(3) X {b} for a fixed b € B are called “fibers.” A
very readable introduction to the theory of fiber bundles may be found in Chapter 2 of Bloch et al. [10].

In physics, principal bundles have been used to describe diverse phenomena in which cycles in the base
space can be associated with a shift along a fiber. Names for this phenomenon include “Berry Phase”,
“Geometric Phase”, “Pancharatnam Phase” and “non-zero holonomy”.

'More technically, the group is required to be a “Lie group”, and each fiber is a “principal homogeneous space” for this Lie group.
Readers interested in these technicalities may consult, for example, Steenrod [74], Husemoller [38].

2This bundle is called “trivial” because it is equal to a product SE(3) x B, whereas in general fiber bundles are spaces which are
locally indistinguishable from products. See, for example, Bloch et al. [10], Husemoller [38], Steenrod [74].
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In the study of locomotion, Geometric Phase has been used to describe the maneuvers cats [48] and
geckos [40] use to land on their feet, and the choice of undulatory motions made by snakes and eels [53, 32].
When the relationship between shape change and body frame velocity is linear, it is called a “connection’:

X = A(x, b)b (1.2)

While technical issues and high dimensions of the models create significant difficulties in applying “ge-
ometric mechanics” approaches in practice, this theoretical framework can in principal describe legged sys-
tems.

1.2 Templates and anchors: hierarchies of models

One of the most influential insights allowing legged locomotion systems to be analyzed in practice was
articulated in Full and Koditschek [24], which proposed the use of “templates” for generating refutable,
testable hypotheses for legged locomotion. While a “template” is defined as “the simplest model (least
number of variables and parameters) that exhibits a targeted behavior”, the discussion and more recent
treatments of the templates-and-anchors approach follow more closely the concept outlined in Full and
Koditschek [24] on page 3329:“We will say that a more complex dynamic system is an ‘anchor’ for a sim-
pler dynamic system if (1) motions in its high-dimensional space ‘collapse’ down to a copy of the lower-
dimensional space of motions exhibited by the simpler system and (2) the behavior of the complex system
mimics or duplicates that of the simpler system when operating in the relevant (reduced-dimensional copy
of) motion space”. In other words, animals have many degrees of freedom, but move “as if”” they have only
a few, and limit pose to a behaviorally relevant family of postures. From a mathematical perspective, this
implies that animals occupy only a low-dimensional “behaviorally relevant” submanifold of B, the space of
possible “poses”. As an illustrative example of what this means in practice, consider a photo of a galloping
horse. We know that the horse is galloping, because the pose (“shape”) of the body that we see in that
still image is one which is only used for galloping. In fact, there is a cycle of poses that is associated with
that horse galloping, and if environmental circumstances contrive to perturb the horse’s body away from
appropriate shapes for galloping, it quickly returns to some appropriate galloping pose.

However, the insight extends further: trotting quadrupeds such as horses and dogs, running bipeds such
as humans and ostriches, insects like cockroaches employing alternating tripod gaits, and even running de-
capods like ghost crabs all employ similar center of mass dynamics — the “Spring Loaded Inverted Pendulum
(SLIP)” [19, 7]. All these organisms exhibit similar center of mass dynamics: each step, they bounce like
a pogo stick. The center of mass slows down while descending closer to the ground, reaching its minimum
speed at its lowest altitude, while ground reaction force in the normal direction is maximal. The center of
mass continues, speeding up as it rises until the body entirely detaches from the ground into an aerial phase
of ballistic motion leading to the next step.

In this sense, the SLIP template represents a common governing feature appearing in many organisms
when they run quickly. The template is not only a description of a typical subset of poses, but also a low
dimensional dynamical model that captures features of the aggregate behavior of the body.

It would be tempting to assume that for every behavior or animal examined, there exists a specific
“simplest” template model that governs that behavior. However, the authors of Full and Koditschek [24]
had already pointed out that the notion of “simplest” model is problematic, and that both the Lateral Leg
Spring (LLS) and the Spring Loaded Inverted Pendulum (SLIP) are templates for running (H;, Hy4 in Full
and Koditschek [24] Table 1). The specific formal definition of a “template” was left vague®.

3This was intentional, based on personal communication with each of the authors.
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As an illustrative example, both the “Clock-Torque (CT-)SLIP” [70] and “SLIP with knee” [73, 64]
models may be considered to be anchors for the classical sagittal plane spring loaded inverted pendulum
(SLIP) model; important features of this model can be further distilled (following [7]) into a vertical hopping
model, or alternatively into a compass walker [75]. The three-dimensional pogo stick-like SLIP template
[71] may also be viewed as an anchor for the sagittal plane SLIP, but one may be equally justified in reducing
this three-dimensional pogo stick to a horizontal plane Lateral Leg Spring (LLS) model [67, 68] which
captures aspects of the horizontal motion such as steering, but ignores the importance of vertical bouncing.
Additionally, both the “hexapedal lateral leg spring” [43] and “jointed lateral leg spring with neurons” [72]
models are extensions of the classical LLS which may be viewed as a template for these models. This
hierarchy is depicted in Figure 1.1.
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Figure 1.1: A collection of locomotion models with their Template-Anchor relationships indicated, showing
a partial order structure. [i] Usherwood et al. [75], [ii] & [iii] Blickhan [7], [iv] Schmitt and Holmes [67, 68],
[v] Rummel and Seyfarth [64], Seyfarth et al. [73], [vi] Seipel and Holmes [71] [vii] Seipel et al. [72], [viii]
Seipel and Holmes [70], [ix] Kukillaya and Holmes [43]

We are led to the conclusion that rather than a template being a unique, ultimate object, “template and
anchor” is a relationship between models. A given model Y can be a template for a more anchored model X,
while Y itself may be an anchor for a further template Z. We will use the term “template” to imply that this
model is “simpler” than its “anchor”. Usually, one aspect of this simplicity is a reduction of dimension, and
quantities in a template often represent aggregates of quantities from the underlying anchor. For example,
both SLIP and LLS reduce the mass distribution of the body to a concentrated mass with or without rotational
inertia; both discard modeling the kinetic energy and momentum associated with the legs themselves. An
insightful discussion on the design and control of legged robots using template-anchor notions is given in
Blickhan et al. [8].

In the remainder of this chapter we will discuss several of the ways in which a template-and-anchor
hierarchy can be constructed to facilitate the understanding of legged locomotion.

As a cautionary note, it should be pointed out that the term “template” has sometimes been used to mean
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“a spring mass model of center of mass dynamics”. In this book, we will use it in the much broader meaning
described above.

1.3 Templates in dynamics, control, and modeling

There are several ways to approach template-anchor relationships which have been used successfully.
Mathematicians and physicists studying dynamical systems theory have constructed a variety of notions of
dimensionality reduction. From this perspective, the primary object of study is an elaborate mathematical
“anchor” model comprising a set of equations, the solutions of which are shown to be approximately or
exactly modeled by a simpler “template” model comprising fewer equations with fewer parameters. Several
examples of this approach can be found in [35]. In particular, Kukillaya and Holmes [43] have shown an
example of a hexapedal cockroach model with jointed legs and neuronal control, which can be formally
reduced and shown to behave similarly to the far simpler LLS model.

Engineers building robots have looked to templates as “targets of control”, i.e. as descriptions of de-
sirable behaviors to be emulated [78, 60, 2], or as simplifications to be used for quickly estimating an
appropriate control policy [56]. Here, the primary object of study is not the template itself, as much as it is
the means by which template dynamics are elicited from an anchor.

A more explicit focus on templates is found in work by engineers employing “template-based” strate-
gies for the bio-inspired design and control of robots. Here, the goal is to embed well-known templates
in more complex, anchored locomotion systems. Controllers have been designed to embed the dynamics
encoded in SLIP and its three-dimensional analog in bipedal robots [77, 17]. Ankarali and Saranli [4] have
used an extended SLIP model involving torque actuation at the hip for designing a controller to achieve un-
deractuated planar pronking in the robot RHex [65]. Other researchers have considered the combination of
several different templates in the same robot in order to render it capable of achieving multiple goals, such as
running/climbing [51] and running/reorientation/vertical hopping [18]. Lee et al. [44] have even worked to
embed a cockroach-inspired antenna-based wall-following template in a robot with a bio-inspired antenna.

Biomechanists have looked to templates from a data-driven, experiment-centric perspective. Here, the
primary objects of study are the locomotion data themselves. The goal is to find low-dimensional models
which represent observational data, accounting for both trends and variability with a few meaningful param-
eters. Data-driven templates have been used successfully to predict how animals recover from perturbations
[61] and how humans control and stabilize their running gait [50]. These ideas are elaborated upon in Section
1.4.3.

1.4 Sources of templates; notions of templates

Given the three approaches to templates described in the previous section, it is hardly surprising that
there are many mathematical notions of being a template-and-anchor pair. In this section we point to some
of the literature in the field. The subtle differences and technical caveats associated with applying these
notions are outside the scope of our exposition.

1.4.1 Dimensionality reduction in dynamical systems

As a simple example, templates exist in the dynamics of linear systems (see, e.g., the textbook Hirsch
and Smale [33] for an introduction to linear systems). When a stable Linear Time Invariant (LTI) system
of differential equations X = Ax has a large “spectral gap” — some modes (projections of solutions onto the
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generalized eigenspaces of A) collapse much faster than others — the slower modes can justifiably be viewed
as a template for the complete higher dimensional system. This expresses itself as a large difference in the
real part of the eigenvalues of the matrix A, with the eigenvalues corresponding to slow template modes
having a real part close to zero.

Dynamicists have extended this idea to nonlinear systems in multiple ways using the notion of “invariant
manifolds”, of which the generalized eigenspaces in the previous example are a special case. A positively
(negatively) invariant manifold is a smooth submanifold of the state space of a dynamical system for which
any initial condition belonging to this submanifold remains in the submanifold as it evolves forward (back-
ward) in time. An invariant manifold is a smooth submanifold of the state space of a dynamical system
which is both negatively and positively invariant; in other words, an invariant manifold is a union of trajec-
tories. (Positively) invariant manifolds are often useful notions of templates — here, the template appears in
a form which guarantees that the anchor dynamics restricted to template states are invariant, meaning that
if the anchor begins in a state belonging to the template it can no longer escape back to exhibiting more
complex behaviors. An excellent survey of the many ways invariant manifold methods have been useful in
science and engineering is given in Chapter 1 of Wiggins [79].

One well-known class of invariant manifolds which can be used to form useful templates are the nor-
mally hyperbolic invariant manifolds (NHIMs) [34, 21, 79] which are asymptotically stable in the sense that
they attract all nearby trajectories asymptotically. Special cases of NHIMs include hyperbolic fixed points
and hyperbolic periodic orbits [33]. A particularly nice property of NHIMs is that they persist under small
smooth perturbations of the equations defining the dynamical system [34], and the compact invariant man-
ifolds which persist under smooth perturbations are normally hyperbolic [47]. This makes NHIMs useful
from a modeling perspective. Since physical measurements cannot determine parameters of a mathematical
model with perfect accuracy, any physically meaningful feature of a mathematical model must persist under
small perturbations.

Viewed as infinite-dimensional dynamical systems, even certain partial differential equations admit a
template-like structure both through the theory of normal hyperbolicity [6, 5] and the related theory of “in-
ertial manifolds,” the second class of (positively) invariant manifolds we mention here [15, 23]. Inertial
manifolds, when they exist, are finite-dimensional positively invariant manifolds containing the global at-
tractor of a (possibly infinite-dimensional) dynamical system and attracting all solutions at an exponential
rate [23]. If an inertial manifold exists for a given partial differential equation, it governs the long-term
dynamics. Examples of systems having an inertial manifold include dissipative systems such as those that
appear in elasticity and fluid dynamics [15]. Techniques for computationally producing approximate inertial
manifolds have been studied [22].

“Center manifolds™ are the third class of invariant manifolds we mention here. We briefly describe the
most basic notion of center manifold at the level of generality relevant for our discussion; see, for example,
the discussion in Section 3.2 of [30] for more details. Given a system of differential equations X = f(x)
and a stable equilibrium point xy with f(xyp) = 0, the eigenvalues of the linearization D f(xy) split into
collections of eigenvalues having negative and zero real part. These collections of eigenvalues respectively
determine stable and center subspaces. The center manifold theorem states that there exist “stable” and
“center” invariant manifolds respectively tangent to these subspaces. Trajectories in the stable manifold
approach xp exponentially in positive time. While the stable and manifold are always unique, in general
the center manifold need not be. Center manifolds may also be defined for periodic orbits (see Theorem
4 of section 3.5 in [55]) and more general attractors [14]. Center manifolds and NHIMs have somewhat
similar spectral properties, but they differ in that NHIMs have an instrinsic global definition whereas center
manifolds are only defined locally. This local definition manifests itself in the fact that center manifolds are
in general nonunique (see section 1.1.2 of [21] for more discussion).
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Figure 1.2: An example of an invariant manifold template-anchor relationship in the context of modeling
legged locomotion shape-space dynamics by an oscillator. The collection of states corresponding to Floquet
multipliers with relatively large magnitude form an invariant “slow manifold”. The states belonging to this
invariant manifold may be thought of as the states which return slowly to an unperturbed gait, modeled by
the limit cycle. Taking the anchor to be the dynamics on the entire state space, the dynamics restricted to this
invariant slow manifold may serve as a template. Alternatively, the dynamics restricted to the states traced

out by the limit cycle itself may serve as a “phase oscillator” template which is a coarser approximation of
the anchor dynamics.

All of the classes of (positively) invariant manifolds we have mentioned have the property that they
attract all nearby states. The template is stable in the sense that anchor states which are near template states
will asymptotically approach the template. However, one important reason these notions of templates are so
useful is more subtle than this; not only do nearby anchor states approach these invariant manifold templates,
they approach specific trajectories in the template. This provides justification for the approximation of
anchor dynamics by template dynamics. For inertial manifolds, this property is known in the literature as
“asymptotic completeness” [62], and the fact that center manifolds have this property is shown, for example,
in Carr [13]. For NHIMs, this property is often noted by referring to the existence of an “invariant foliation”
or “invariant fibration” of the basin of attraction of the invariant manifold [34], and is also sometimes referred
to as “asymptotic phase” in the literature [11] (we refer to this as “dynamical phase” in Chapter Internal
reference to oscillator chapter.). Guckenheimer [29] contains a simpler discussion of the properties of
asymptotic phase for the special case of exponentially stable limit cycles.

As an illustrative example of the utility of invariant manifold notions of templates in the analysis of
legged locomotion, consider an oscillator. As explained in Chapter Internal reference to oscillator chapter,
an oscillator, by definition, consists of the dynamics in the basin of attraction of an exponentially stable
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periodic orbit (also known as a limit cycle)*. The image of the periodic orbit, or set of points traced out by
the limit cycle, is itself a normally hyperbolic invariant manifold. Defining the anchor to be the dynamics
on the entire basin of attraction, a template may be taken to consist of the dynamics restricted to the image
of the periodic orbit. Explicitly, the existence of asymptotic phase on the basin of attraction implies that
each anchor state will asymptotically coalesce with a (in this case, unique) template state which may be
represented by assigning to each anchor state a number 6 € [0, 27). This is the “phase oscillator” template
explained in Chapter Internal reference to oscillator chapter. However, for many practical applications,
this particular template approximation of the anchor dynamics may be too coarse. As explained in Chapter
Internal reference to oscillator chapter, the theory of normal forms [11] shows that large “spectral gaps”
in the Floquet multipliers of an oscillator yield additional invariant slow manifolds corresponding to slow
Floquet modes. Anchor states will again asymptotically approach particular template trajectories in such
a way that the dynamics restricted to this invariant manifold constitutes a good template approximation of
the anchor dynamics. Physically, the limit cycle may be viewed as representing a perfectly periodic gait
subject to no environmental or neuromuscular perturbations. The invariant slow manifold template may then
be viewed as the collection of anchor states having “slow recovery” when perturbed from this steady gait.
Any anchor states not belonging to this template will quickly return to the template and may be viewed as
“posture errors”. This is illustrated in Figure 1.2.

Yet another source of templates comes from mechanical models possessing symmetries. Roughly speak-
ing, a differential equation is said to possess a “symmetry” if it is invariant under the action of a Lie group
[46] on its state space. For the case of mechanical systems, reduction tools such as Noether’s Theorem from
geometric mechanics [1, 9] yield conserved quantities (e.g. energy, momentum, angular momentum) which
constrain trajectories of the dynamical system to lower-dimensional submanifolds. Dynamics restricted to
these lower-dimensional submanifolds form templates for the original anchored mechanical system, and one
can understand the behavior of the template in terms of the anchor and vice-versa. We note that other reduc-
tion methods in the spirit of Galois’ work on algebraic equations [20] also exist for the analysis of ordinary
differential equations possessing symmetries but not arising from mechanical systems [52].

An even greater focus on templates as approximations can be found in the theory of “bisimulation”
appearing in its original form in the study of discrete state transition systems in computer science [54]. Intu-
itively, two systems are bisimilar if they cannot be distinguished by an external observer. Bisimulation has
been generalized to apply to continuous-time and hybrid dynamical systems. In fact, the template notions
previously mentioned in this section are bisimulations of their anchor dynamics, which follows from Propo-
sition 11 of Haghverdi et al. [31]. Bisimulation provides a formalism for discussing templates and anchors
for situations more general than the case in which the template is an invariant submanifold of the anchor.

Despite the level of generality afforded by the framework of bisimulation, requiring bisimilarity be-
tween models as a criterion for template-anchor relationships can sometimes arguably be too restrictive for
modeling physical systems. Bisimilarity relations are not robust to noise, measurement error, or other per-
turbations to physical models. Recent work has extended the notion of bisimilarity by providing a definition
of “approximate bisimulation” [26]. The utility of approximate bisimulation lies in its ability to quantify the
quality of approximation by one mathematical model of another. In particular, the language of approximate
bisimulation can be used to quantify the degree to which some mathematical model is a template for another
anchored model. As a simple example, a double pendulum with one small mass m and one large mass M
can be approximated by a single pendulum of mass M + m. For a more interesting example, consider the
following. Animals, such as dogs, are able to instantiate the same template despite seemingly catastrophic

4Recall from Chapter Internal reference to oscillator chapter that an “oscillator” is a deterministic system as defined here, while
in Chapter Internal reference to oscillator chapter we used the term “rhythmic system” to refer to a nondeterministic system resulting
from perturbation of a (deterministic) oscillator by (relatively small) noise.
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injury such as limb loss. Figure 1.3 illustrates the approximate template-anchor relationships between rele-
vant models for this case. These examples are hardly surprising from the perspective of mechanical intuition,
but the theory of approximate bisimulation renders these observations formal, testable and quantifiable in a
computational framework.

—
3-legged 3-legged do

“Anchor”

Jumping
“Template”

Figure 1.3: An uninjured dog and a 3-legged dog can both jump to catch a frisbee. The ability to do so well
can be expressed (red arrow) by taking the dynamics anchored in the 4-legged morphology, abstracting them
as a jumping template and embodying this template in a 3-legged anchor reflecting the new morphology.
The quality of this abstraction and embodiment can be quantified in a formal way within the framework of
approximate bisimulation.

1.4.2 Templates based on mechanical intuition

By far, the most prolific source of models intended as templates has been the insight of researchers.
As described in Section 1.2, the insight of Blickhan led to the introduction of the SLIP template in his
seminal work [7]. Despite being an energetically conservative model without control inputs, the SLIP has
enjoyed enormous success in making tractable the tasks of animal locomotion analysis ( Section 1.2) and
robot design and control (Section 1.3). The success of the sagittal plane spring-loaded inverted pendulum as a
mathematical model inspired various extensions of SLIP, such as CT-SLIP [70], as well as three-dimensional
[71], bipedal [25], and segmented versions of SLIP [73, 64]. Other templates such as LLS [67, 68] and
its extensions (described in Section 1.2) such as a model with additional joints and neuronal interactions
[72] and a hexapedal version of LLS [43] were developed to specifically capture the horizontal component
of locomotion. Thoughtful consideration of modeling has produced a plethora of additional templates of
varying levels of complexity appropriate for other situations. Inspired by the climbing aptitude of insects
and geckos, Goldman et al. [28] proposed a template for describing rapid vertical climbing. Observations
of cockroaches using their antennae to follow walls motivated the introduction of an antenna-based wall
following template [16]. Human walking inspired a template based on the notion of “virtual pivot points”
[49]. Examples of other templates proposed for specific classes of models include a quadrupedal running
template for robotic systems with articulated torsos [12] and a kinematic template proposed for an eight-
legged miniature octopedal robot assumed to be in quasi-static motion [41].

Typically, templates have been proposed without explicitly formulating the anchor model to which they
relate (e.g. [12, 28]), although there are exceptions (e.g. [41]). In other work, there is an emphasis placed on
exploring relationship between various templates and their anchors. To name but a few examples, see Seipel
and Holmes [71, 69], as well as Chapter 5 of [35] and the references therein.
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1.4.3 Data-driven model reduction

Data-driven dimensionality and model reduction reduction has emerged as an industrious and interdis-
ciplinary field of research, having broad applications to the science and engineering fields and drawing
upon techniques from optimization, statistics, dynamical systems theory, and machine learning. Classical
approaches to dimensionality reduction include linear subspace projection methods such as Principal Com-
ponent Analysis and Factor Analysis [39]; an active area of current research is on nonlinear dimensionality
reduction approaches such as Manifold Learning [45], which generalize linear projection methods by re-
placing linear subspaces with submanifolds. Projection methods such as these identify a small (relative to
the dimensionality of the raw data) collection of parameters which may accurately represent the raw data,
and this collection of parameters is optimal in some sense depending on the projection method used. Such a
small parameter set may accurately capture the spatial information present in time series data and motivate
the construction of reduced-order spatio-temporal mathematical models. Givon et al. [27] contains a review
of several other algorithmic approaches to dimensionality reduction, focusing on methods specifically aimed
at model reduction of general dynamical systems.

In the context of legged locomotion, there has been work on the construction of templates directly moti-
vated from data. Under the assumption that the underlying mathematical model is an oscillator (see Chapter
Internal reference to oscillator chapter), several researchers have performed nonparametric system iden-
tification of biomechanical systems [3, 76, 57, 36, 37]. Researchers have additionally attempted to find
nonlinear coordinate systems directly from data in which oscillator dynamics are linear (see Revzen and
Kvalheim [59] and references therein for more mathematical detail), and have coined the term “Data-Driven
Floquet Analysis” (DDFA) to collectively refer to the computation of this linearizing coordinate system and
to other oscillator system identification methods [57]. The linearizing coordinate change of DDFA can be
viewed as a special case of finding linearizing “observables”, which are themselves eigenfunctions of the
Koopman operator [63, 42], and may in some cases be computed using Dynamic Mode Decomposition
[66] and its extensions. Using the techniques of DDFA, Revzen and Guckenheimer [58] present a method
for identifying appropriate dimensions of reduced-order models of legged locomotion and other rhythmic
systems directly from noisy data and without explicit knowledge of governing equations. By exploiting the
topological structure of the stability basin of an oscillator, they determine a candidate dimension for the slow
manifold by examining the magnitudes of eigenvalues of Poincaré return maps. This candidate dimension
serves as an upper bound for the dimension of a statistically significant template.

In the specific context of human walking, Wang used analysis of Poincaré maps to show a relationship
between upper body/trunk motion and foot placements, providing a rigorous data-driven derivation of human
walking features previously conjectured [76]. Maus et al. [50] performed DDFA on human running data and
show that while the SLIP template predicts within-step kinematics of the center of mass, it fails to predict
stability and behavior beyond one step. Furthermore, insights derived from DDFA enable Maus et al. [50] to
identify that swing-leg ankle states are important predictors of human locomotion beyond those present in
the SLIP template. Augmenting the SLIP model with these predictors, the authors construct a model shown
to have predictive power superior to SLIP for the available subject population.

1.5 Conclusion

The answer to the question of “which notion of template-anchor relationship to use?” depends on one’s
goals and on practical limitations of the application in mind.

As an example of one end of the spectrum, mathematicians wanting to explore mathematical relation-
ships need to write down or use existing equations of motion, which may make many assumptions about the
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underlying physics and/or biology of a locomoting system. In this case, various templates may be amenable
to discovery by theoretical consideration. For example, invariant manifolds may be found “by hand” or nu-
merical methods. Alternatively, reduction tools from geometric mechanics and the theory of Lie groups may
be used to produce templates if symmetries are present in the equations of motion. Notions such as bisim-
ulation and approximate bisimulation from computer science are used to formalize such template-anchor
notions in some areas of the literature.

On the opposite end of the spectrum, experimental biologists deal with actual data and do not have access
to explicit mathematical models a priori. For this reason, researchers have worked on data-driven methods
of system identification and model reduction. As outlined in Section 1.4.3, many algorithms have been used
in attempts to tackle this problem for real-world systems in general, and several researchers have worked on
methods aimed specifically towards legged locomotion. In particular, there has been some success in using
Data Driven Floquet Analysis both using data to directly explain previously conjectured features of human
locomotion and in motivating new templates of human running which may outperform SLIP as predictive
models.

In between these two extremes, engineers and control theorists need methods to obtain practical models
amenable to computation for which they can produce their own template “targets of control” to achieve
desirable behaviors in a robotic system. Many engineers have used “template-based” methods in the bio-
inspired design and control of robots, attempting directly to embed the low-dimensional dynamics classical
templates such as SLIP in high-dimensional anchored robots in order to achieve useful behaviors.

There are a myriad of notions and examples of “templates and anchors” outlined in this chapter. Many of
the approaches appear quite distinct, but many engineers, scientists, and mathematicians may benefit from
exposure to new ways of thinking about old ideas.

This work was funded in part by ARO grant #W911NF-14-1-0573 “Morphologically Modulated Dy-
namics” to S. Revzen.
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